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Abstract. Consider a representation p: L ^ sK^) where L is a Lie algebra and V 
is a finite dimensional vector space. We prove the analog of Amitsur's conjecture on 
asymptotic behavior for codimensions of polynomial identities of p. 



1. Introduction 

In the 80's, conjectures about the asymptotic behaviour of codimensions of polynomial 
identities were made by S.A. Amitsur and A. Regev. Amitsur's conjecture was proved in 
1999 by A. Giambruno and M.V. Zaicev [H Chapter 6, Theorem 5.2, p. 143] for associative 
algebras and in 2002 by M.V. Zaicev [2] for finite dimensional Lie algebras. Alongside with 
polynomial identities of algebras, polynomial identities of representations are also impor- 
tant [21 II]. Therefore the question arises whether the conjectures hold for codimensions 
of representations. 

Denote by F {X) the free associative algebra on the countable set X = {xi,X2, ■ ■ .}, 
i.e. the algebra of polynomials without a constant term in the noncommuting variables 
X over a field F of characteristic 0. Let p: L ^ qK^) be a linear representation of a Lie 
algebra L on a vector space V over F. Let / = f{xi, . . . , Xn) € F {X). We say that / is a 
polynomial identity of p if /(p(ai), . . . , p(a„))f = for all ai, . . . , a„ G L, t> G l^. The set 
Id(p) of polynomial identities of p is a two-sided ideal of F {X). Let P„ be the space of 
multilinear polynomials in the noncommuting variables Xi, X2, ■ ■ ■ , Xn- The non- negative 
integer c„(p) = dim ^ nid{p) called the nth codimension of the representation p. 

Another approach to polynomial identities of representations is concerned with repre- 
sentations of Lie algebras in associative algebras. Let r : L — )■ be a Lie homomorphism 
where L is a Lie F-algebra and Aq is an associative F-algebra. Let / = /(xi, . . . ,a;„) G 
F (X). We say that / is a polynomial identity of r if /(r(ai), . . . , T(a„)) = for all ai, 
. . . , a„ G L. Again, the set Id(r) of polynomial identities of r is a two-sided ideal of 
F {X). The non- negative integer c„(r) = dim p is called the nth. codimension of the 
representation r. 

These approaches are equivalent. The first one is a partial case of the second one 
with Aq = Endi?(l^) and r = p. The second one is a partial case of the first one since 
Id(r) = Id(p) where p: L ^ 01^(^0 + ^ ■ 1), p(a) ■ b = T{a)b, a e L, b e Aq + F ■ 1. 

Throughout the paper we use the first approach. 

Yu. A. Bahturin has suggested to consider an analog of S.A. Amitsur's conjecture for 
representations. 

Conjecture. There exists lim \/cn{p) G 

Theorem 1. Let p: L flK^) be a representation of a Lie algebra L on a finite dimen- 
sional vector space V over a field F of characteristic 0. Then either there exist constants 
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Ci,C2 > 0, ri,r2 eR, d EN such that Cin'^d^ ^ c„(p) ^ Csn^^^" for all n E N or the 
equality Cn{p) = holds for all sufficiently large n. 

Corollary. Analog of Amitsur's conjecture holds for such representations. 

Our proof follows the outline of the proof by M.V. Zaicev [2J. However, in many cases 
we need to apply new ideas. 

Codimensions of representations do not change upon an extension of the base field. 
The proof is analogous to the cases of codimensions of associative [H Theorem 4.1.9] 
and Lie algebras [2], Section 2]. Thus without loss of generality we may assume F to be 
algebraically closed. 

Fix a Levi decomposition p{L) = G + R where G is a maximal semisimple subalgebra 
of p{L) and i? is a solvable radical of p{L). Denote by A the associative subalgebra of 
EndplV) generated by p{L). Then A becomes a G-module under the natural left action 
by multiplication. 

Consider left associative ideals Ji, I2, ■ ■ ■ , Ir, Ji, J2, • • • , Jr, r E Z+, of the algebra A 
such that Jk ^ h, satisfying the conditions 

(1) Ik/Jk is an irreducible A-module or dim{Ik/Jk) = 1; 

(2) for any G-submodules Tk such that Ik = Jk ® Tk, there exist elements qi, . . . , 
qr-i E AU {1} such that TiqiT2 . . . Tr-iqr~iTr 7^ 0. 

Let M be a left A-module. Denote by Ann M its annihilator in A. Let 

d = dip) = max dim —— , ^ , ^ , ^ . ^ , 

p{L) n Ann(/i/Ji) n ■ ■ ■ n Ann(/^/ J^) 

where the summation runs over all r E Z4. and all Ji, ...,/,-, Ji, Jr satisfying Condi- 
tions 1-2. We claim that d{p) coincides with d from Theorem [TJ 
We need several auxiliary lemmas. 

Lemma 1. [p{L),R] C J{A) where J{A) is the Jacobson radical of A. 

Proof. Let V = Vq ^ Vi 3 V2 ^ ... ^ Vt = {0}bea composition chain in 
V. Then each Vi/V^+i is an irreducible p(L)-module. Denote the corresponding ho- 
momorphism by ipi: p{L) — )■ gl(Vi/l^+i). Then by E. Cartan's theorem [5l Proposi- 
tion 1.4.11], ipi{p{L)) is semisimple or a direct sum of a semisimple ideal and the center 
of 0t(V^/Vi+i). Thus (y9j([p(L), p(L)]) is semisimple and y9j([p(L), p(L)] fl i?) = 0. Since 
[p(L), E] C [p[L)^ p{L)] n R, we have ipi{\p{L), R\) = 0. Therefore 0102 ... at = for all 
ttj E [p{L), R]. We claim that an associative ideal of A generated by [p{L), R] is nilpotent. 
It is sufficient to prove that ai(6ii . . . feifci)o2(&2i • • • ^2^2)% . . . ctt = for all E [p{L), R] 
and bij E p{L). We prove this by induction on fci + ^2 -|- ■ ■ ■ + kt-i- Indeed, if ki > 
0, then ai(6ii . . . 6ifcja2(62i • • • &2fc2)«3 • • • «t = [o-i, &ii](&i2 • • • &ifci)a2(&2i • • • &2A:2)«3 • • • a* + 
6iiai(6i2 . . . &ifci)a.2(^2i • • • ^2fc2)'^3 ... a* = 0. In the case ki = we are reducing /c2 and so 
on. □ 

Lemma 2. There exists a subspace S* C such that R = S + p{L) fl J{A) is a direct sum 
of subspaces and [G, S] = 0. 

Proof. There is a natural ad-action of G on R: a(ad(7) = [a, g], a E R, g E G. Since 
p{L) n J{A) is a submodule of R and G is semisimple, there exists a complimentary G- 
submodule S. Thus [G, S] C S. In virtue of Lemmas [G, S] C [p(L), R] C p(L) n J (A). 
Therefore, [G, S] = 0. □ 

Lemma 3. Let M be an irreducible A-module. Then either M is an irreducible G-module 
or dimM = 1. Furthermore, S acts on M by scalar operators. 

Proof. Note that M is an irreducible p(L)-module. By Lemma[T], [p{L), R] C p[L)nJ{A). 
Therefore [p{L), R]M C J[A)M = and, in virtue of Shur's lemma, S <^ R acts by scalar 
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operators on M. Thus all subspaces in M invariant under the action of G are invariant 
under the action of p{L). □ 

Lemma 4. Let M he an irreducible A-module. Then 

Annp(L) M = Ann^ M + Anns M + (p(L) n J (A)). 

Proof. If M is an irreducible A-module, then J{A)M = 0. Thus it is sufficient to prove 
that if + s G Annp(i) M, g & G, s & S, then g G Anng-M and s G Ann^M. Denote 
(p: p{L) — )• Qi{M). Note that sm = —gm for all m G M since g + s & Annp(j^)M. By 
Lemma El s is a scalar operator on M. Therefore, g is a scalar operator on M too and 
^p{g) belongs to the center of the semisimple algebra ^p{G). Hence ^p{g) = and this 
finishes the proof of the lemma. □ 

One of the main tools in the investigation of polynomial identities is provided by the 
representation theory of symmetric groups. The symmetric group Sn acts on the space 
p p^"^(p) by permuting the variables. Irreducible FS'„-modules are described by partitions 
A = (Ai, . . . , Xs) \- n and their Young diagrams D\. The character Xn(p) of the FSn- 
module p ^j^^^^^ is called the nth cocharacter of the representation p. We can rewrite it 
as a sum Xn{p) = J2xhn''^(P' of irreducible characters xW- Let ct^ = ax^bx^ and 

e^^ = br^ar^ where ar^ = Y.7,eRT^ ^ ^"^^ = EaeCy;, (sisna)(T, be Young symmetrizers 
corresponding to a Young tableau T\. Then M(A) = FSct^ = FSe^^ is an irreducible 
FS'n-module corresponding to a partition X \- n. We refer the reader to P, El [7j for an 
account of S'„-representations and their applications to polynomial identities. 



2. Upper bound 

Fix a composition chain of A-submodules 

A = Bo^B^^B2^...^ J{A) ^ . . . ^ Be-i ^ Be = {0} 

in the module A. Let ht a = max^g^^ k for a & A. 

Let Y = {yu, yu, yi^; y2i, I/22, • • • , 1/2^2; • • • ; Vmi, ym2, • • • , Vmjm}, • • • , Yq, and 
{zi, . . . , Zm} be subsets of {xi, X2, ■ ■ ■ , Xn} such that Yi <ZY, \Yi\ = d + 1, Yi HYj = for 
i j, Y n {zi, . . . , Zm] = 0, ji ^ 0. Denote 

gm,q = Alti . . . Altg((?/iiyi2 . . . yijjzi{y2iy22 ■ ■ ■ 2/2^2)^2 • • • {ymiym2 ■ ■ ■ ymjm)Zm) 

where Alt, is the operator of alternation on the variables of Yi. 

Let if: F{X) — )■ A be a homomorphism induced by a substitution {xi,X2, ■ ■ ■ ,Xn} 
p{L). We say that ip is proper for gm,q if f{zi) G p{L) fl J{A) for 1 ^ i ^ m — 1, 
f{zm) e (p(L) n J{A)) UGUS, and (p{yik) G G U 5 for 1 ^ i ^ m, 1 ^ A; ^ j^. 

Lemma 5. Let ip be a proper homomorphism for gm.q- Then p>{gm,q) can be rewritten as a 
sum of ip{g.m+i,q') where ip is a proper homomorphism for gm+i,q', g' ^ Q — (dimy4)m — 2. 
(Y' , Y- , z[, . . . , may be different for different items). 

Proof. Let = htip{zi). We will use induction on (The sum will grow.) Note 

that ai ^ 6 ^ dim A. Denote J, = -Bq,-, Jj = B^-^j^. 

First, consider the case when Ji, . . . , 7^, Ji, . . . , Jm do not satisfy Conditions 1-2. In 
this case we can choose G-submodules Tj, li = TiQ) Ji, such that TihiT2h2 ■ ■ ■ hm-iTm = 
for all /ij G A U {!}. Rewrite p){zi) = a- + a-', a- G Tj, a-' G Jj. Note that ht a'l > ht (pi^Zi). 
Since gm,q is multilinear, we can rewrite p>{gm,q) as a sum of similar items <p{gm.q) where 
(p{zi) equals either a- or a-'. The item where all (p{zi) = G Tj, equals since /i, . . . , /m, 
Ji, . . . , Jm do not satisfy Conditions 1-2. For other items (p{gm,q) we have YlT=i > 
EI^iht¥3(2i). 
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Thus without lost of generahty we may assume that /i, . . . , Im, Ji, ■ ■ ■ , Jm satisfy Con- 
ditions 1-2. In this case, dim(p(L) fl Ann(/i/Ji) fl . . . fl Ann(/m/Jm)) ^ dim(p(L)) — d. 
In virtue of Lemma IH 

p{L) n Ann(/i/ Ji) n . . . n Ann(J^/J„) = 

GnAnn(/i/Ji)n. . .nAnn(/„/J„) + Ann(/i/Ji) n . . . n Ann(J„/J„) + p{L)nJ{A) 

and we may assume that for every 1 ^ i ^ q there exists i/jk G Yi such that either 
^iVjk) e G'nAnn(/i/Ji)n. . .nAnn(/^/J„) or ^{yjk) G 5nAnn(/i/ Ji)n. . .nAnn(/„/J^). 

Consider the case when (p{ykj) G G fl Ann(/i/ Ji) fl . . . fl Ann(/m/ Jm) for some ykj. We 
can choose G-submodules Tk such that Ik = Tk ® Jk- We may assume that ip{zk) G Tk 
since the elements of Jk has a greater height. Therefore a(p{zk) G Tk and aip{zk) G Jk for 
all a G G'nAnn(/i/Ji)n. . .nAnn(/^/J^). Hence a(f{zk) = 0. Moreover, G'nAnn(/i/Ji)n 
. . . n Ann(/„,/ Jm) is a Lie ideal of G and [G, S] = 0. Thus ip{yka{i) ■ ■ ■ yka{jk)Zk) = for 
every a G Sj^ and ip{gm,q) = 0. 

Consider the case when ip{yke) G 5 fl Ann(/i/ Ji) fl . . . fl Ann(/m/ Jm) for some yki G Fg. 
Expand the alternation Altg in gm,q and rewrite gm,q as a sum of 

= Ahi . . . Altg_i((yii?/12 . . .Z/lji)2l(l/2lZ/22 • • -1/2^2)^2 • • • {ymiym2 ■ ■ ■ Vrnj^r^) ^m) ■ 

The operator Altg may change indices, however we keep the notation yke for the variable 
with the property f{yke) G S"!"! Ann(Ji/Ji) fl . . . nAnn(Jm/Jm)- Now the alternation does 
not affect yki- Note that 

ykiyk2 ■ ■ ■ ykjk^k = ykiyk2 ■ ■ ■ yki-Wkz+i ■ ■ ■ ykjkykiZk+ 

jk 

^ ykiyk2 ■ ■ ■ yk,i-iyk,e+i ■ ■ ■ yk,p-i[yki, yk^]yk,p+i ■ ■ ■ ykj^Zk. 

I3=£+1 

In the first item we replace ykeZk with and define (p'{z'i^) = ip{yki)'^{zk), ^p'{x) = Lp{x) 
for other variables x. Then ht ^p'{z'i.) > ht ip{zk) and we can use the inductive assumption. 
If yki3 G Yj for some j, then we expand the alternation Altj in this summand in gm,q-\- If 
v{yki3) G G, then this summand is zero. If f{yki3) G S, then f{[yke,yki3]) G p{L) fl J{A). 
We replace [yki,yki3] with an additional variable -z^+i define 4'{z'^_^_i) = ip{[yke,yki3]), 
ip{x) = ip{x) for other variables x. Then the polynomial has the desired form. In each 
inductive step we reduce q no more than by 1 and the maximal number of inductive steps 
equals (dimA)m. This finishes the proof. □ 

Since the Jacobson radical is a nilpotent ideal, ^(^4)'^ = for some p G N. 

Lemma 6. If \ = (Ai, . . . , A^) h n and A^+i ^ p{{dim A)p + 3) or \dimp(L)+i > 0, then 
m{p, A) = 0. 

Proof. It is sufficient to prove that e^^f G Id(p) for every f & Pn and Young tableau Tx, 
A h n, with Ad+i ^ p{{dimA)p + 3) or Adimp(L)+i > 0. 

Fix some basis of p{L) that is a union of bases of G, S, and p{L) fl J (A). Since 
polynomials are multilinear, it is sufficient to substitute only basis elements. Note that 
^Tx ~ ^Tx^^Tx ci-nd Btx alternates the variables of each column of Tx- Hence if we make a 
substitution and e^^f does not vanish, then this implies that different basis elements are 
substituted for the variables of each column. But if Adimp(L)+i > 0, then the length of the 
first column is greater than dimp(L). Therefore, e^^f G Id(p). 

Consider the case A^+i ^ p{{dim A)p + 3) . Let iphe a substitution of basis elements for 
the variables xi, . . . , Xn- Then e^^f can be rewritten as a sum of polynomials gm,q where 
1 ^ m ^ p, g ^ p((dimy4)p + 2), and z,, 1 ^ z ^ m — 1, are replaced with elements of 
p{L) n J{A). (For different summands gm,q, numbers m and g, variables Zj, yij, and sets 
Yi can be different.) Indeed, we expand symmetrization on all variables and alternation 
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on the variables replaced with p{L) fl J {A). Also we expand alternation on the set that 
includes the last variable, which we denote by z^. 

Applying Lemma many times, we increase m. The ideal J{A) is nilpotent and 
v{9p+iq) = for every q. Reducing q no more than by p{{d\mA)p + 2), we obtain 
^{e*r,J) = 0. □ 

Now we can prove 

Theorem 2. If d > 0, then there exist constants C2 > 0, r2 G M such that Cn{p) ^ C2ff^d'^ 
for all n G N. In the case d = 0, the equality Cn{p) = holds for all n ^ p((dim + 3) ■ 
dimp(L). 

Proof. Lemma [6] and [H Lemmas 6.2.4, 6.2.5] imply 

dimM(A) ^ Can'^d" (1) 

m(p,A)^0 

for some constants C3, r3 > 0. Denote by Id(yl) C F{X) the ideal of polynomial identities 
of the associative algebra A. Let XniA) = x (^p~i^d{Aj^ ~ "^(^5 '^)xW- Then ld{A) C 
Id(p) and m{p, A) ^ m{A, A) ^ C^n^* for some C^yV^ > by [U Lemma 4.9.2]. Together 
with (II]) this implies the upper bound. □ 

3. Lower bound 



By the definition of d, there exist left associative ideals Ji, I2, ■ ■ ■ , Ir, Ji, J21 ■ ■ ■ 1 Jri 
r G Z+, of the algebra A, satisfying Conditions 1-2, Jk ^ h, such that 

rf = dim 

p{L) n Ann(/i/ Ji) n ■ ■ ■ n Ann(/^/ J,) ' 

We consider the case d > 0. 

Without loss of generality we may assume that 

r r 

p{L) n fl Ann(4/ Jfc) ^ p{L) n f| Ann(4/ J^) 

fc=l A;=l, 

for all 1 ^ £ ^ r. In particular, p{L) has nonzero action on each Ik/Jk- 

Our aim is to present a partition A h n with m{p, \) 7^ such that dimM(A) has 
the desired asymptotic behavior. We will glue alternating polynomials constructed by 
Yu.P. Razmyslov's theorem from faithful irreducible modules over reductive algebras. In 
order to do this, we have to choose the reductive algebras. 

Lemma 7. There exist Lie ideals Gi, . . . ,Gr in G and elements ai, . . . , G S* (some of 
tti and Gj may be zero) such that 

(1) Gi + ... + Gr = Gi®...®Gr; 

(2) (ai, as, ... , ar)F = (^1)^ © • • • © (ar)^; 

(3) j2idim{Gk®{ak)F) = d; 

k=l 

(4) Ik/Jk is a faithful Gk © {ak) F-module; 

(5) Gih/ Jk = aJk/Jk = Ofori>k. 

e 

Proof Consider Ne = p{L) fl {~] Ann{Ik/Jk), 1 ^ £ ^ r, iVo = p{L). Since G is 

fc=i 

semisimple, we can choose such ideals Ge that A^'^-i H G = Ge Q) {Ni fl G). Note that 
dim(5'/ Aians{Ii/ Ji)) ^ 1 since S acts by scalar operators by Lemma [31 Thus we can 
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choose elements such that Ni_i f\ S = {ai)p © (A^^ fl G). Hence Properties 1, 2, 4, 5 
hold. By Lemma ^ N^. = n G + Nk n S + p{L) fl J{A). Therefore, 

N^-i = G^ + NinG+ {a^)F + NenS + p{L) n J{A) = {Ge + {ae)F) + 

(direct sum of subspaces) and Property 3 holds. □ 

Lemma 8. For every 1 ^ i ^ r there exists a decomposition ai = bi + q such that Ci & A 
acts as a diagonalizable operator on A and hi G J {A) . Furthermore, elements Ci commute 
with each other and hi and Ci are polynomials m Oi, . . . , a^. 

Proof. The solvable Lie algebra R + J{A) acts on the algebra A = A + F ■ 1 hj left 
multiplication. In virtue of the Lie theorem, there exists a basis in A in which all the 
operators from R + J{A) have upper triangular matrices. Denote the corresponding 
embedding A Mm{F) by tp. Here m = dim A. 

Let Ai be the associative algebra generated by ai, . . . , a^. Since ip{R) C tn(-F), we have 
V'l^i) ^ UTn{F). Here UTm{F) is the associative algebra of upper triangular matrices 
m X m. There is a decomposition UTm{F) = Fcu + Fe22 + ■ ■ ■ + Fcmm + N where = 
{eij I 1 ^ z < j ^ m)i? is a nilpotent ideal. Thus there is no subalgebras in Ai isomorphic 
to M2{F) and, by the Wedderburn — Malcev theorem, Ai = Fci + ■ ■ ■ + Fct + ^(^i) (a 
direct sum of subspaces) for some idempotents Cj G Ai. Denote for every Oj its component 
in J{Ai) by hi and its component in Fci © ■ ■ ■ © Fct by q. Note that Ci are commuting 
diagonalizable operators. Thus they have a common basis of eigenvectors in A and Cj are 
commuting diagonalizable operators too. 

We claim that the space J{Ai) + J (A) generates a nilpotent ideal I in A. First, 
ip{J{Ai)),'ijj{J{A)) C UTjn{F) and consist of nilpotent elements. Thus, the corresponding 
matrices have zero diagonal elements and ip{J{Ai)),ilj{J{A)) C A^. Denote Nj^ = {cij \ 
i + k ^j)FC N. Then 

N = Ni^N2^...^ A^„_i ^Mm = {0}. 

Let ht^v a = if ip{a) G A^^^, ip{a) ^ A^fc+i- 

Recall that {J{A))p = 0. We claim that 7'"+^ = 0. The space is a span of 

hijih2j2 ■ ■ ■ jm+phm+p+i whcre jk G J{Ai) U J{A) and hk E AU {1}. If at least p elements 
jk belong to J (A), then the product equals 0. 

Let ji G J{Ai), hi G AUjl}. We prove by induction on i that h = ji/iij2^2 • • • ^^-ijf can 
be expressed as a sum of jij2 ■ ■ ■ ia3'i32 ■ ■ ■ fp'^ where ji G J{Ai), j[ G J{A), a G AU{1}, and 
Oi+Yl!i=i htAT Ji ^ ^- Indeed, suppose that h = Ji/tij2^2 • • • ^^-2j£-i can be expressed a sum 
of jij2 ■ ■ ■hj[j2 ■ ■ -f^a where ji G J(Ai), j- G J(A), a G i, and 7 + Y.i=i htjv j- ^ i - I. 
Then ji/iij2^2 • • -ji-ihi-ije is a sum of 

J1J2 • • • j^j[j2 ■ ■ ■ f^ahe-ije = jij2 ■ ■ ■ j^j[j2 ■ ■ ■ id + J1J2 • • • 77^1^2 • • • fjii^he-i). 

Note that, in virtue of the Jacobi identity and Lemma [H [a/i^_i,j^] G [^, -R] ^ J{A). 
Thus it is sufficient to consider only the second item. However 

J1J2 ■ ■ • J7J1J2 • • ■j'-Ji{a'hi_i) = jij2 . . -J^jd'iH ■ ■ ■ + 

i=\ 

Since [jj', j^] G J {A) and htAr[jj', j^] ^ 1 + htAr j^', all the items have the desired form. 
Therefore, 

I^+p = 0, and 

J{A) C J{Ai) + J{A) C / C J{A). 
In particular, hi G J{Ai) C J {A). □ 
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Lemma 9. There exist complimentary subspaces Ik = (B Jk such that 

(1) Tfc is an irreducible G © (ci, . . . , c^) p-submodule; 

(2) Ci acts on each Tk as a scalar operator; 

(3) Tfc is a faithful Gk ® {ck)F-'module. Moreover, ^ (dim(G'fc © {ck)F) = d; 

k=l 

(4) G,fk = Cifk = fori> k. 

Proof. The elements Cj are diagonalizable on A and commute. Therefore, an eigenspace 
of any q is invariant under the action of other Ck- Using induction, we spht A = 0°^^^ Wi 
where Wi are intersections of eigenspaces of Ck and elements Ck act as scalar operators on 
Wi. In virtue of Lemma[T]and the Jacobi identity, [q, G] = 0. Thus Wi are G-submodules 
and A is a completely reducible G © (ci, . . . , c^) f- module. Therefore, for every Jk we can 
choose a complimentary G © (ci, . . . , Cr)i?-submodules Tk in Ik- Then Tk = /a/Ja; is an 
irreducible G-module by Lemma |31 Property 1 is proven. 

By Lemma El for every Oj there exists 7 G -F such that for every h & Ik we have 
Qih = "yh + j where j G Jk- Thus q/i = Oj/i — bih = 7/1 + (j — bih) where j — bih G Jk- 
However, Cih G Tk for G T^, and j — bih = 0. Property 2 is proven. 

By Lemma [71 each li/Ji is a faithful Gj © (aj)i?-module and either = or acts 
on li/Ji by a nonzero scalar operator. Thus either = q = or Oj 7^ and q 7^ 
acts on Tj by a nonzero scalar operator that belongs to the center of Endi?Tj. Since all 
homomorphic images of Gi have zero center, each is a faithful Gi © (cj) i?-module and 
dim(Gfc © (ca:)f) = dim(GA; © (afc)ir). Property 3 is proven. 

Property 4 is a consequence of Property 1 of Lemma [9] and Property 5 of Lemma [71 □ 

Lemma 10. Let M be a faithful irreducible module over a finite dimensional semisimple 
Lie algebra G and G be a Lie ideal ofG. Then there exist faithful irreducible G-submodules 
Mi CM such that M = Mi © M2 © ■ • ■ © Mfc- 

Proof. There exists a semisimple ideal G such that G = G (BG. By [5l Proposition 7.3.1'], 
M = M © M for some irreducible G-module M and irreducible G-module M. Both 
modules are faithful since M is faithful. Let mi, . . . ,mk be basis elements of M. Then 
M = (M © mi) © (M © 7712) © ■ ■ ■ © (M © mfc) is a direct sum of faithful irreducible 
G-modules. □ 

By Condition 2 of the definition of d{p), there exist elements qi, . . . , g^-i G ^U{1} such 
that TiqiT2 . . . Tj—ig^-i^r 7^ 0. Note that Tk is a faithful irreducible G/ {GnAiaii{Ik/Jk))- 
module and 

Gk = iGn Ann(/i/ Ji) n . . . n Ann(4_i/Jfe_i))/(G n Ann(/i/Ji) n . . . n Ann(4/ J^)) = 

(^G n Ann(/i/Ji) n . . . n Ann(4_i/Jfe_i) + G n Ann(4/Jfc)) /(G n Ann(4/Jfe)). 

The last algebra is an ideal of G/(GnAnn(/fc/Jfc)) and the isomorphisms do not alter the 
action of the algebras. By Lemma [TOl for every k we can choose an irreducible faithful 
Gk © (cfc)F-submodule Tk C Tk such that TiqiT2 . . .Tr-iqr-iTr 7^ 0. Moreover, we can 
insert go ^ Ji^) U {1} and multiply qi by additional elements from J{A) in such a way 
that 

goTigiTs . . . T,_ig,_iT, ^ 0, (2) 

but 

qoTiqiT2 . . . Tk-iqk-i{jTk)qkTk+i - - - Tr-iqr-iTr = (3) 
for all j G J{A) and 1 ^ k ^ r. 
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Lemma 11. Let ipii Gj © (aj) — )■ Gj © (cj) be isomorphisms defined by formulas ipi{g) = g 
for all g G Gi and (pi{ai) = Ci. Let fi be multilinear polynomials and h^i\...,hn] G 
Gi © {ai)p, ti G Tj be some elements. Then 

go . . . , /^S) ti qi f2{hf\ . . . , /ig) t2 . . . qr-i fr{ht\ . . . , hS) = 

go fiiViih?), . . . , ti gi f2{Mh?), . . . , ^2(/^S)) t2 

In other words, we can replace ai with Ci and the result does not change. 

Proof. We rewrite = hi + Ci = hi + ipi{ai) and use the multilinearity of fi. By ([3j), items 
with bi vanish. □ 

Let mk ^ n where m, k,n ^ N are some numbers. Denote by Qm,k,n ^ Pn the sub- 
space spanned by all polynomials that are alternating in k disjoint subsets of variables 

{X\,..., X'^} C {Xi, X2, . . . , Xn}, l^i^k. 

We need the following theorem [3, Remark 12.1]. 

Theorem 3 (Yu. P. Razmyslov). Let B be a reductive Lie algebra over an algebraically 
closed field of characteristic zero, and let dimi? = m. Let r: B ^ U be an embedding of 
B to a simple associative algebra U generated by t{B), with a nonzero center. Then there 
exist k and a multilinear polynomial f e Qm,A:,mfc\ Id(r) such that f{T{pi), . . . ,T{pmk)) 
belongs to the center of U for all pi E B. 

Lemma 12. Ifd^O, then there exist numbers k,no such that for every n ^ hq there 
exist disjoint subsets Xi, . . . , Xm ^ {a^i, • • • , Xn}, t = [^^^^f^] , = . . . = \Xke\ = d and 
a polynomial f G P„,\Id(p) alternating on the variables of each set Xj. 

Proof. Recall that each T, is a faithful irreducible Gi © (Q)ir-module. Denote by Tj the 
embedding Gi © (q) )■ Endi?(Tj). In virtue of the density theorem, the space © 
(cj)) generates Endi?(Tj) as an associative algebra. The center of EndpiTi) is a linear 
span of its unit idy^ • In virtue of Theorem [3|, there exists a multilinear polynomial fi G 
Qd,,fc,,fc,<iA W(pi), di = dim(G'j© (q)), for some ki G N, satisfying the following property. If 
we substitute any elements from rj(Gj©(cj)), for the variables of /«, then the result belongs 
to the center of Endir(Tj). Therefore, Ti{fi{hi, . . . , hd-kj) = idr^ for some E Gi® {ci)F 
and fi{hi, . . . , hd^kjti = ti for all ti E Ti. We can consider products of several copies of 
in different variables and assume that ki = k2 = ■ ■ ■ = k^. = k. 

We may assume that qi in ([2]) are products of some elements from p{L). Fix some 
numbers a G Z_|_ and consider the polynomial /"^"^ = ?/oi • • • Voeofi f where 

/ = (/l^l) 1/11 •• • Z/iei(/2^2) ^21 • • • 1/202 (/s^s) • • • {fr-lZr^l)yr~l,l ■ ■ ■ Vr-lfir-Afr Zr) ■ 

Here the variables of all copies of fi are different and /'•"^ is a multilinear polynomial of 
degree ^kd + r + akdi + X^^Zq Oi- The number 6i is chosen in such a way that the product 
Vii ■ ■ -yiOi equals qi after some substitution of elements from p{L). If we carry out this 
substitution and replace Zi with elements of Tj, then, by Lemma fTTj it is not important 
whether we replace the variables of fi with or q. Equation ([2]) and the choice of fi 
imply that /("^ ^ Id(p) for all a ^ 0. 

Each copy of /j, 1 ^ i ^ r, is alternating on disjoint sets X['-' , X^'"* where 
= ... = IX^'-^I = di and 1 ^ j ^ £ is the number of the copy in /. De- 
note XQ_i)k+v = lJi=i -^v'' for 1 ^ j ^ i, 1 ^ V ^ k. Consider a polynomial 
f^"^ = Vol ■ ■ ■ Voeofi Alti . . . Altfc^ / where the operator Altj alternates a polynomial on 
the variables of Xj. We claim that f^°'^ is not a polynomial identity. We have mentioned 
that there exists a substitution of elements from p{L) such that /*^"^ is not a polynomial 
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identity, elements of Gi © (aj)^? are substituted for the variables of X*'-', and each Zi is 
replaced with an element of Tj. We carry out this substitution for the variables of /'■"•'. 

Note that the alternation does not change Zi. Thus Property 4 of Lemma |9] implies 
that all the summands of alternation in which variables from Xl'^ are put on the places of 
variables from X*'-^, i > i', vanish. Hence we may consider only those summands where 
Xl'^ are invariant. Recall that each /j is alternating on X*'-^. Thus the result of the 
substitution for the variables of /'■"'' equals {di\d2l ■ ■ .dr\Y^h ^ where h is the result of 
the original substitution for the variables of Therefore, Z*^"-* ^ Id(p). 

Denote uq = YllZi ^« + ^- ^ given n E N, let i = [^^-^] ,1 = 1^ — ikd — no, and 

a = ^^^^ + 1. Expand the first a copies of /i in /*^"). At least one of the items obtained 

is not a polynomial identity. Denote it by /^""^ Remove (akdi + 9q — 'j) initial variables 
in f^"'^ and denote the polynomial obtained by /. Then 

/ = U1U2 ...u^ Alti . . . Altfc^ / e Pn\ Id(p) 

satisfies all the conditions of Lemma [T2l Here Ui are some variables from {xi, X2, ■ ■ ■ ,Xn}- 

□ 

Lemma 13. Let k,no,i be the numbers from Lemma HM Then for every n ^ no there 
exists a partition A = (Ai, . . . , As) \- n, Xi > ki — C for every 1 ^ i ^ d, with m{p, A) 7^ 0. 
Here C = p((dim + 3)((dimp(L)) - d). 

Proof. Consider the polynomial / from Lemma fT2l It is sufficient to prove that e^^FSnf ^ 
Id(p) for some tableau Tx of a desired shape A. It is known that FSn = Tx ^^ne-T^ 
where the summation runs over the set of all standard tableax Tx, A h n. Thus FSnf = 
J2xTx ^^n^T^f ^ ■'■d(p) and e^^/ ^ Id(p) for some A h n. We claim that A is of a desired 
shape. It is sufficient to prove that Xd > ki — C, since Aj ^ A^ for every 1 ^ i ^ d. 
Indeed, each row of Tx includes numbers of no more than one variable from each X^, 
since e^^ = bT^o-Tx and utx is symmetrizing the variables of each row. Thus ^ 
ik{d — 1) + (n — ikd) = n — ik. In virtue of Lemma El ^2^=1 Xi > n — C. Therefore 
Xd>ik-C. □ 

Proof of Theorem [21 The Young diagram Dx from Lemma [131 contains the rectangular 
sub diagram D^, ^ = {ki — C, . . . , ki — C). The branching rule for Sn implies that if we 

d 

consider a restriction of S'„-action on M(A) to S'„_i, then M(A) becomes the direct sum 
of all non-isomorphic F^n-i-modules M(z/), z/ h {n — 1), where each D^, is obtained from 
Dx by deleting one box. In particular, dimM(z/) ^ dimM(A). Applying the rule several 
times, we obtain dimM(/x) ^ dimM(A). By the hook formula, dimM(/i) = ''^j^^"^^'*' 
where hij is the length of the hook with edge in {i,j). By Stirling formula. 



idiki-C))\ V^-diki-C) (^) 



d{M-C) 



dim M(/i) ^ ,,;7'^''^ ■ ^— — ^ ~ Cgr^^*^ 



as £ — 7- 00 for some constants C5 > 0, E Q. Since i = [^^^-^] , this gives the lower 
bound. The upper bound has been proved in Theorem [21 □ 
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